The Tolman-Oppenheimer-Volkoff (TOV) equations are a partially uncoupled system of nonlinear and non-autonomous ordinary differential equations which describe the structure of isotropic spherically symmetric static fluids. Nonlinearity makes finding explicit solutions of TOV systems very difficult and such solutions and very rare. We present here a two-parameter class of TOV systems which are asymptotically integrable and its explicit solutions in the asymptotic regime. The solutions are classified according to the nature of the matter (ordinary or exotic) and to the existence of cavities and singularities.
I. INTRODUCTION
The structure of a generic relativistic and spherically symmetric isotropic star is modeled by the TolmanOppenheimer-Volkoff (TOV) equations [6] , described in terms of its density ρ and pressure p: (1)
This is a system of partially uncoupled nonlinear and non-autonomous ordinary differential equations. There are at least two strategies to deal with a TOV system. The first, most usually seen in physics literature, consists of coupling both equations through an equation of state of the form f (p, ρ) = 0, usually determined by statistical and quantum mechanical arguments [6, 7] . A classical example is the polytropic state equation
where γ, c ∈ R are real numbers and q ∈ Q [8] . It allows pressure to be expressed as an affine function of the density (and vice versa), and it is used to model compact objects such as neutron stars and white dwarfs [6, 7] , as well as stars in the main sequence, when modeled by Eddington's standard model [9] . The second strategy consists in noticing that (2) can be solved for any piecewise continuous function ρ : I → R, where I is a union of intervals in the positive real line 1 , allowing one to look * yurixm@ufmg.br † luizfelipeac@ufmg.br ‡ danielspteixeira@ufmg.br § rodneyjb@ufmg.br 1 We can always assume that ρ is defined on [0, ∞). Indeed, if it is not, then it can be trivially extended by definingρ(r) = ρ(r) if r ∈ I andρ(r) = 0 elsewhere.
for solutions of (1) for a given ρ. In this point of view, (1) becomes a scalar Riccati equation [5] p (r) = A(r) + B(r)p(r) + C(r)p(r) 
The nonlinear nature of TOV equations makes it difficult to get explicit solutions, except in very specific situations, such as for constant density, when (4) is integrable [6] , and for some few classes of polytropic stars in the Newtonian limit, when the TOV equation becomes an integrable Lane-Emden equation [8] . It is a well known fact that a Riccati equation having a particular solution can be reduced to a Bernoulli equation, so that its general solution can be obtained by quadrature [4] . This kind of analysis applied to TOV systems was made in [5] providing relations between two particular solutions of the same TOV system (the second solution regarded as a deformation of the first one) in the form of Solutions Generating Theorems. On the other hand, it is also a well known fact that if we assume that the coefficients of a Riccati equation satisfy certain additional algebraic conditions, then the equation becomes integrable [4] . Recently it was shown that there are also many differential/integral conditions that can be imposed [1] . Using this strategy, explicit solutions for Einstein's equations modeling isotropic/anisotropic fluids were found (as power series) in [2] , and solutions describing isotropic scalar field cosmologies and other cosmological models where found in [3] .
In this article, we follow the second approach. In Section II we introduce some definitions which will be useful arXiv:1809.02281v2 [math.CA] 1 Oct 2018 in order to classify the systems studied in Section III. We begin this section showing that there is no ρ that simplifies (4) to standard classes of integrable differential equations, emphasizing the difficulty of getting explicit solutions. Then, we show that such solutions can be found, in some asymptotic regime r → ∞. Formally, we prove the following theorem:
Theorem I.1. There exists a two-parameters class of density functions ρ, each of them inducing a corresponding differential equation whose solutions give solutions of the TOV system of ρ. Furthermore, for each ρ, in the asymptotic limit r → ∞, Equation (4) (and, therefore, the TOV equation) has explicit solutions.
This two-parameter class is shown in Table I . Intuitively, we show that there is a large number of stellar systems whose structure can be completely determined at least in regions far from the center of the star. This, of course, has a concrete physical meaning only for stars of very large radius. In order to put the density functions of Table I in this physical context, we introduce a classification of stellar systems according to the behavior of the underlying ρ for ordinary and exotic stars and stars with and without cavities or singularities.
II. DEFINITIONS
For our purposes it is useful to think of a stellar system as described by two piecewise continuous functions ρ, p : I → R, respectively called the density of matter and the pressure of the system. We will say that a stellar system is • ordinary (resp. exotic) in an open interval J ⊂ I if ρ is positive (resp. negative) in each point of J. That is, ρ(r) ≥ 0 (resp. ρ(r) < 0) for r in J.
• without cavities if ρ has no zeros, that is, ρ(r) = 0 for every r in I.
• without singularities if its domain is an open interval (0, R), where R can be ∞. In other words, r is a singularity of ρ ifρ is discontinuous at r.
• smooth if it has no singularities and is continuously differentiable.
• realistic if it is smooth and ordinary. In this article, stars might also be (and will often be) non realistic.
A Tolman-Oppenheimer-Volkov system is a stellar system whose pressure is piecewise continuously differentiable and such that TOV equations are satisfied in each piece of I. We say that it is integrable if the TOV equations are integrable.
III. EXPLICIT SOLUTIONS
The simplest way to find explicit solutions of the Riccati equation is choosing coefficients satisfying one of the conditions below.
1. If C(r) is identically zero, then the equation is a linear homogeneous first order ODE, which is separable.
2. If A(r) is identically zero, then the equation is of Bernoulli type and, therefore, integrable by quadrature.
3. If there are constants a, b, c ∈ R such that A(r) = a, B(r) = b and C(r) = c simultaneously, then the equation is separable.
However, the coefficients of the Riccati equation of a TOV system are not independent, but rather satisfy the conditions
Therefore, the first two possibilities are ruled out for making (4) trivial. Also, the third condition along with (7) implies that
and M (r) is the corresponding linear polynomial. However, in (8) the above M (r) makes the A term a quadratic polynomial, and the B term a rational function of degree 1, so the equality can never hold. This emphasizes the difficulty of finding integrable TOV systems. Nevertheless in the next subsection we prove that there exist uncountable asymptotically integrable TOV systems.
A. Asymptotic Solutions
In [1] it was shown that if the coefficients of any Riccati equation satisfy additional differential or integral conditions, then the nonlinearity of the starting equation can be eliminated, making it fully integrable. We will use this strategy to build integrable and asymptotically integrable TOV systems. These systems will then be physically classified following the nomenclature of Section II.
Ten classes of differential/integral conditions that can be imposed on the coefficients of a Riccati equation in order to get integrability were introduced in [1] . Each class of conditions is parametrized by functions f : I → R and real constants. Because the authors of [1] worked only with smooth Riccati equations, they assumed f : I → R infinitely differentiable. However, it should be noticed that in the general situation f ∈ C k pw (I; R) or f ∈ C k+1 pw (I; R), where k is the least order of differentiability of the coefficients of the equation and the subscript "pw" means piecewise differentiable. For instance, the first class of integral conditions presented in [1] is
(10) from which we see that c 1 is a constant of integration and f ∈ C k+1 pw (I), where k is the least order of differentiability of A, B and C. If this equation is satisfied, a explicit solution for Riccati equation (4) is given by
where c 0 is a constant of integration and h(r) =
ds − c 1 . This fact can be directly applied to TOV systems. The advantage is that it allows one to replace the Riccati equation by the nonlinear integral equation (10), which, as we will see, has a nice asymptotic behavior. First, we show how the well known integrable TOV system (p, ρ), with ρ constant, can be rediscovered from the above approach.
Theorem III.1. Any TOV system with constant density is integrable. More precisely, if the density is given by
with k ∈ R, then the corresponding TOV system has solution given by (11) with h(φ) ≡ − k 2π .
Proof. Choosing f (r) = b 2 (r), writing k = 2πc 1 in (10) and using the coefficients of the TOV system, equation (10) becomes
which has explicit solution given by M (r) = kr 3 . The density associated to this mass is ρ(r) = 3k 4π , which is exactly (12). So, h(r) ≡ − k 2π , ending the proof. Remark 1. Following the terminology of Section II, if k > 0, the stellar system is only composed of ordinary matter. If k < 0, the star is only composed of exotic matter. Finally, if k = 0, then each radius is a cavity, so that there is no star.
Let us now consider the asymptotic situation. It will be useful to work with (10) for functions f (r) = B 2 (r) + 2g(r)C(r), where g : I → R is an integrable function. We will also take c 1 = 0. Let h(r) = g(s) ds. Using the coefficients of the TOV equations, (10) becomes
This is another nonlinear differential equation, but whose nonlinear term
depends only on M (r) (which is fixed by the density ρ) and on the function h (which is fixed by the arbitrary integrable function g). Assume we found M and h such that lim r→∞ Λ = 0. Then, we automatically get asymptotic solutions to the corresponding TOV system. Indeed, under hypothesis (13) becomes a first-order linear equation, whose solution is
where c 2 is a constant of integration. This expression gives the density, while the pressure is given by (11).
In order to complete the construction we have to choose proper functions h such that (15) takes a nicer form while the nonlinear term in (13) vanishes when r → ∞. Such functions can be captured as solutions of the differential equation
for different F : I → R. Table I in the Appendix is a two-parameter table of functions F for which (16) has a solution. Therefore, at least for these cases the corresponding TOV system is asymptotically integrable. Table I are apparently complicated, they are all rational functions multiplied by logarithmic functions. Even so, in some situations it will be difficult to classify the solutions following the terminology of Section II, because in order to identify cavities and singularities we need to find roots of both numerators and denominators. The problem is however perfectly tractable graphically and numerically.
Remark 2. Although the solutions in
In order to illustrate the procedure above, let us show how to obtain the first row of Table I .
Theorem III.2. The two-parameter family of TOV systems with density functions
for c 1 , c 2 ∈ R, is asymptotically integrable, with asymptotic solution given by Equation (11), where 
whose derivative is
Plugging this in the definition of Λ we get the function below, which clearly goes to zero.
Remark 3. We have applied the same method to others classes of integral conditions presented in [1] . The motivation of the definition of h(r) in (11) is the control of the integral term. By control, we mean that the h function is a integral of a integrable function g, freely chosen, in the way pointed out in Remark 1. Making the suitable redefinition of f to the sixth and eighth cases of [1] , we obtain the same equation (13). This implies that these cases induces different solutions only in highly non-trivial situations. Explicitly the sixth class of integral conditions in [1] is
pw (I) and c 7 is a constant of integration. We have redefined f 3 (s) = 2C(s)g(s), where g ∈ C k+1 pw (I). The eighth class of integral conditions is
pw (I). We have redefined f 4 (r) = h(r)C(r).
B. Physical Interpretation
In the last subsection we sketched how to build a twoparameter table of asymptotically integrable TOV systems. Here we will schematize some of those systems following the terminology of Section II.
In order to do this classification we need to search for the zeros of the density function, which will give the radii in which there is no matter inside the star. Suppose that we found one of them, say r o . If ρ is continuous in that radius, then it is a cavity; otherwise, it is a singularity. The fundamental difference between them is that continuity implies that ρ cannot change sign in neighborhoods of r o . This means that a star containing only cavities is composed either of ordinary matter or of exotic matter. On the other hand, stellar systems with singularities may contain both ordinary and exotic matter.
The stellar systems considered in Table I have 
by P (r, c 1 , c 2 ) = p 12 (r), and so on, which are piecewise submersions. The solution of Q is then an algebraic submanifold S p ⊂ R 3 , possibly with boundary, that completely determines the behavior of the singular set of ρ 12 when we vary c 1 and c 2 . Similarly, the disjoint union of the solutions sets of P and O −1 also defines an algebraic submanifold S po of R 3 which determines the behavior of the cavities when we vary c 1 and c 2 .
Notice that a point (r, c 1 , c 2 ) ∈ S q is a critical singularity of ρ 12 iff it admits topologically distinct neighborhoods. Analogously, the critical cavities are given by points in S po with non-homeomorphic neighborhoods. Finally, the critical configurations of the stellar system with density ρ 12 are the points of S q S po which are critical singularities or critical cavities. A manifold defined by the inverse image of a function is locally homeomorphic to the graph of the defining function. This means that a neighborhood for (r, c 1 , c 2 ) is just a piece of the graph of P , Q or O − 1. Since the topology of a graph changes only at an asymptotic, zeros of Q with fixed (c 1 , c 2 ) give the singularities, while zeros with fixed (r, c 2 ) and (r, c 1 ) will give the critical singularities, and similarly for critical cavities.
Having obtained singularities, cavities and critical configurations, the physical study is completed by determining the kind of matter in them, which can be done from graphical analysis.
In the following we will apply this discussion to the first two rows and to the seventh row of Table I , which have some special features, but it could also be applied to any other row. As we will see, they are described in the following figures. In the schematic drawings of the 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 Figure 2 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 000000000000000000000 density functions, the filling by the grid is associated to exotic matter, whereas the filling by the hexagons to ordinary matter. The dashed circles represents a singularity radius and the dot circles a cavity radius.
Physical Interpretation of the Stellar System in Row 1 of Table I In this case the density function in given by ρ(r, c 1 , c 2 ) in (17), which depends on two parameters c 1 and c 2 . We notice, however, that we can fix c 2 = 1, because it is just a multiplicative constant (the change in the signal of c 2 just changes the sign of the functions in the whole analysis). This means that the singular set S q is a submanifold of R 2 , while the set of cavities S po is a submanifold of R 3 of the form S × R, with S ⊂ R 2 . More explicitly, singularities are given by the solutions of the algebraic equation
while cavities are determined by the solutions of
Both equations depend explicitly of c 1 . If c 1 ≤ 0, the only singularity radius is the origin r = 0 and there are not cavities. An example of this behavior is given by Figure 2 , for c 1 = 0: It then follows that, for our choice c 2 = 1, the stellar system is composed only by exotic matter. On the other hand, if c 1 > 0, the singularities happen at r = 0 and at r 0 = c 1 /π, which is the non-negative solution of πr Table I We start by noticing that in the present case the density function can be written as ρ12(r) = − Γ12(r) 8πr 4 (r 2 − 1) (−c1 + πr 2 + π log (r 2 − 1)) 3 (24) where
The function ρ 12 depends non-trivially on both variables c 1 and c 2 only in Γ 12 , so that a priori its singular set and its set of zeros are arbitrary submanifolds of R 3 and R 2 , respectively, and, therefore, we may expect many critical configurations. The interval [0, 1] is clearly singular, while the singularities for r > 1 are determined by solutions of the equation
We assert that for each fixed c 1 there is precisely one solution. In other words, we assert that the singular set is diffeomorphic to 
Consequently, Y has a single zero in r > 1 corresponding to the unique singularity of ρ 12 in this interval. Moreover, for any r 0 > 1, we can set the constant c 1 appropriately so that r 0 corresponds the singularity. In fact, just set
The cavities of ρ 12 in (24) are given by zeros of Γ 12 . Differently of the previous case, we cannot isolate any of the variables, so that S po ⊂ R 3 will have complicated topology. We assert that the manifold of critical configurations is R 2 . Indeed, if we fix c 1 and vary c 2 we do not find any change of topology, while if we fix c 2 , say c 2 = 1, we find two critical points, approximately at c 1 = 1, 7 and at c 1 = 4, 6, as shown in Figure 4 .
Physical Interpretation of the Stellar System in Row 7 of Table I Previously we studied an asymptotic TOV system with discrete critical configurations and another system with a continuum of critical configurations. In both cases, graphical analysis were used. Here we will discuss a third system, whose special feature is to show that even when we have an analytic expression for cavities and singularities, a graphical analysis is fundamental. The density function that we will consider can be set in the form
where f is a linear combination of polynomials and logarithmic functions, depending on both parameters c 1 and c 2 . We will focus on singularities, so that only the expression of q matters. It is the polynomial q(r, c 1 ) = 12πr 2 (−c 1 r + πr 3 + 1) 3 .
Because c 2 does not affect q we see that the singular set is a submanifold of R 2 . For each fixed c 1 the complex roots of q can be written analytically with help of some software (we used Mathematica ). They are r 0 = 0, with multiplicity two, and 
each of them with multiplicity three. Our stellar system then have singularities only for the values c 1 such that some of the radii above are real and non-negative. One can be misled to think that r 1 corresponds to a real zero iff c 1 ≤ 3 81π
12 ≈ 2.77. Although c 1 ≈ 2.77 is clearly a critical configuration, a graphical and numerical analysis shows that r 1 is always real. In order to see this, we compare in Figure 5 the density function for c 1 = 5 > 2.77 and c 1 = 1 < 2.77.
Although Figure (5a) seems physically interesting, it is not: a numerical evaluation shows that r 1 (c 1 ) ≈ −0.84, so that despite being real, it is negative. In turn, Figure  ( 5b) should appear strange: it contains two nonzero real roots while the analytic expressions above suggest that there is at most one non-null real root. Again, a numerical evaluation gives r 1 (c 1 = 5) ≈ 1.15, r 2 (c 1 = 5) ≈ −1.35 + 1.69 × 10 −21 i and r 3 (c 1 = 5) ≈ 0.21 − 4.24 × 10 −22 i. So, we see that when c 1 grows, the imaginary parts of the roots r 2 and r 3 become increasingly smaller, allowing us to discard them. Thus, c 1 ≈ 2.77 determines a critical configuration such that for c 1 < 2.77 there are no singularities and for c 1 > 2.77 there are two of them.
IV. CONCLUDING REMARKS
We showed that there are uncountably many TOV system admitting explicit solutions in the asymptotic limit r → 0. Physically this means that there are theoretical static, spherically symmetric and isotropic stellar systems of a given density function whose pressure is known explicitly in points which are very far from the center of the star. These systems are presented in Table I . We analyzed those solutions and concluded that essentially all of them must contain both ordinary and exotic matter, separated by infinitesimal vacuum regions, as schematized in Figure 1 . This as an existence result for this type of relativistic exotic stars.
